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Fig. 2 Time history of control 3(s).

The Jacobian is discretized using Eq. (4) with /2= .000001.
We remark that # could be increased if needed. The initial
function x@ (¢) is essentially the same as that in Ref. 1 except
for x;3 (¢), which is taken as 1 on the interval.

By using the approximations (35) and (36), we employ only
8 state variables, whereas the procedure in Ref. 1 employs 11
by converting the inequality constraint (25) into an equality
constraint. :

Let n denote the number of subintervals into which
[0,3.186] is divided, i.e., Af=3.816/n. We performed
numerical experiments with the following parameters:

Experiment 1: o=201n Eq. (35), n=200

Experiment 2: o=201n Eq. (35), n=40

Experiment 3: k= 5inEq. (36), n=200

Numerical experiments with =25 in Eq. (35) became
unstable even when At is increased. On the other hand, with
a =20, increasing Af did not affect the stability of the pro-
cedure as experiment 3 indicates. Increasing £ to 7 in Eq. (36)
~ made the procedure unstable with n=200. A better choice of
x© (¢) would of course increase the limiting values of « and k.

With experiment 1 the sequence {x‘?) } converges to an ac-
curacy of 4 significant digits in 5 iterations, and with experi-
ment 2 a 4-digit accuracy was achieved at the seventh iterate.
With experiment 3 the sequence converges to an accuracy of 4
significant digits in 5 iterations, and the fifth iterate has

¥1(0)=0.8794185E + 00 ¥,(0) = 0.4203096F + 00

¥1(0)=0.1027116E + 01 ¥4(0)=0.7651173E+00 (37)
Figures 1 and 2 give plots of 6(¢) vs ¢ and 3(¢) vs ¢ for the
fifth iterates of experiments 1 and 3. These compare very well
with the exact plots given in Ref. 1. The values of # and 8 from
experiment 2 are close to those of experiment 1 and are not
plotted. We note that the plots of § in Fig. 2 approximate the
bang-bang control better than those given in Ref. 1.

To get an idea of the relative computing times involved, ex-
periment 1 took 7 min and 30 s of execution time (VAX
11/730) to compute 5 iterates, whereas experiment 3 required
7 min and 50 s for 5 iterates.

Table 1 gives the output of experiments 1 and 3, and it can
be observed that the responses are close.
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Near-Optimum Design
of Large-Scale Systems

M. Elwakkad Zaghloul* and N. Mattat
George Washington University, Washington, D.C.

Introduction

PROPOSED scheme of decentralized near-optimization

is applied to linear, time-invariant, interconnected large-
scale systems. Due to the characteristics of such systems, the
optimal control designs are, for the most part, necessarily
near-optimum.!? Several authors have applied different
methods for near-optimum design of large-scale systems.? In
the decentralized methods!? the multilevel near-optimal con-
troller design is based on minimizing the effect of interconnec-
tions, without reference to their possible beneficial roles. In
this paper we propose a new scheme of decentralized near-
optimum design based on using a multilevel feedback con-
troller. It is assumed that the large-scale system is decomposed
into £ subsystems, which are optimized by local feedback con-
trollers with respect to a local performance index while ignor-
ing the interactions among the subsystems. Then, the design of
the global controller is performed using the available informa-
tion on the subsystem level. To evaluate the near-optimization
scheme, we compare it with that given by Siljak in Ref. 1,
through applying both methods to a numerical example.

Near-Optimal Design

Consider the linear time-invariant interconnected system in
the input-decentralized form!

?
%= A+ b+ Y Nyx;, i=1,..,0 1
j=1
J#i

where x;€R" and u;€R™i. We assume that x=0 is the only
‘equilibrium solution of Eq. (1).

In the proposed multilevel near-optimization scheme, the
control #; (¢) is considered as consisting of two parts, the local
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control uf(¢) and the global control u§ (¢), such that
u; () =uf(2) +uf (1) )]
The local control u{(#) is chosen as a linear control law
w0 = -k () ®

to optimize the isolated subsystem, and the global control law

.8
uf (1) = — Y kgx; (1) @
y>H
is chosen to satisfy the near- optlmlzatlon of the performance
of the large-scale interconnected system. :
Now, for designing the local control ul(1), Eq. (1) may be

viewed as the intéerconnection ‘of ¢ free (1solated) subsystems
descrlbed by the equation

x:=AiXi+biuf, i=1,...,0 ®)

We assumeé that all £ pairs (A,,b ) are controllable and that,
with each isolated subsystem given by Eq. (5), the quadratic
performance index? is

It =4 | 1T Qo+ )R ©®

where Q,; is a symmetrlc nonnegative definite matrix and R;is
a symmetric positive definite matrix.

The local controel ¢ can now be chosen to minimize the per-
formanece index J; (ul) in Eq. (6). Following the maximum
principle approach for solving the linear regulator, 4 it follows
that the Hamiltonian is

HS=YaxTQux; + Vo (ul) TRl + ()T (A + b)) (7)
From Eq. (7) we have ‘
ul (1) = —R71BTN(1) ®
Assume thai the solution for the adjoint Af(¢) is
N(#) =Px; (1) ®

where P is a time-invariant n; X n; symmetric, positive definite
matrix that satisfies the n; (1, + 1) /2 algebraic equation

Q;+P.A, + ATP,~ P,b,R; \bTP,=0 (10)
From Egs. (8) and (9), it follows that
ul(t) = —R; b Px; (1) (§3))]

Now, for the interconnected system given by Eq. (1) to be
nearly optimized with respect to the quadratic performance
index,

¢ ! e o

Hw= Y hw)= Y | h0dox+ulRuld  (12)

i=1

i=1

The Hamiltonian will be

f .
H=Y, {sz,TQ.x, VauT R+ NT(Ax; + by + E ) }
i=1 ~
J#i

(13)

Equation (13) can be rewritten as

N £
H= EH,
i=1
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where

= VZXITQIX,"*‘ l/zu,-TR,-u,-

+N (Ax;+bu;) + E)\T

Jj=1
J#i

Njix; (14)

To find the control u;, which minimizes the Hamiltonian H,,
we have

aH
—L=0=Ru; + b\, (15)
ou;
and
3H, L e
o RO AD+ 2 Ni, (16)
$z1
From Eq. (15) we have
u; (1) = =R BTN (2) a7

At this point we assume that the solution for the adjoint \; (¢)
is '
N (8)=Px;(¢) —§; (1) (18)

In this case &;(f) represents the parf of the adjoint N, (¢) that
reflects the effect of interconnection structure given by N,
From Egs. (1) and (16-18), it follows that

£,= (PbR BT — AT)E, — E Tt + E (PN, +NEP)x,
/#: j#l 19)
From Egs. (2), (4), (11), (17), and (18), it follows that
¢
uf =R 'bTEi= ) ki, (20)
f
An approximate form of Eq. (19) was chosen as

£,=(P,A,—P,b,R; leP)P g, — E @1

Jj=1
J#EI

Comparing Egs. (19) and (21) and using Eq. (10), we have

R4
t,=—P(Q;+PbRBIP) " Y (PN; +NIP))x;

Jj=1
J#i

@2
and thus

uf (t) = —R;'bIP;(Q;+ P;b;R; b P;) !
¢
Y (PN +NEP)x; (1)
Ji
Note that the matrix {(Q;+P;b,R;!bTP;) ! exists since the
free subsystems are optimally stabilized. From Egs. (17), (18)
and (22) it follows that
;= —R;'\bIPpx;~ R 'bTP,(Q; + P,b,R; 'b]P,)~
¢
2 (PiN;+NP)x; | (23)

J#i
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where
Ki!=—R;'bTP, (24)
and-

K§=—R pIP,(Q;+ P;b;R;1bTP;) - l(PN +NTP ) (25)
To evaluate our proposed scheme of near-optimization, we
apphed it to several examples® and compared the results with
those given by Siljak.! Both methods were compared with the
exact optimal control solution. The following example demon-
strates such comparison.

. Numerical Example

Consider the linear system, where the overall system con-
sists of two linearly 1nterconnected strongly coupled sub-
systems represented by

R I T & I o 0 ’
Xy = x, + Xa+ | uy, X =(21,22)7
-1 3 2 1

=50+ [1 41x, +uy, x,=25 (26)

We wishi to find the control vector 4= (u,,u4,)7 that minimizes

2.
J(uy=Y, Ji(u;)
i=1

2,0t _;/"—"\~

TIME {s)

2o

i 1 1 : 1

1
TIME (s)

N ’,/
228// /’_/
1 P
\ e
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Fig. 1 Resuits of numerical example.
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where )
Ji (u;) =—§—S0 {xTQx;+ufRu;}dt, i=1,2

where
Q, =unit matrix, Q,=R,=R;=1

The pairs (A;,;), i=1,2 are controllable. From Eq. (23) we
have

u, =[-8.424181 —8.181541] x, —8.106149x.
o o 20

u,, = ~10.099020 x, —[6.898873 6.391752] x,,  (27)

where o denotes our near-optimization approach. Now, apply-
ing Siljak’s algorithm in Ref. 1, the control will be

u = [—8.424181 —8.181541] x,, —2x;,

Uy = —10.099021 x,,—[1 4] x,, (28)
where s refers to Siljak’s method.

Now, applying the ‘‘one-shot”’ exact optimization to system
(26), the optimal control for the overall system is

le=[—8.744568 —8.932045] x,,—6.880953 x,,

Uy = —9.582484 x,, — [7.411487 6.880955] x;, 29)

where e refers to exact optimization.

To check the exact system’s optimal control solution vs the
Siljak near-optimal control solution and our proposed near-

-optimal control solution, system (26) was solved using the con-

trols given in Eqs. (27-29) with x(0)=1 1 1)7. The results are
shown in Fig. 1 for the time interval 0=<#=<2.0. Figure 1 in-
dicates that the near-optimal closed-loop control considered
here is a good approximation when compared with Siljak’s
near-optimal closed-loop control.

Conclusions

In this proposed scheme of near-optimization, each sub-
system is nearly optimized with respect to its own performance
index using both local and global feedback controllers. Our
proposed scheme enables us nearly to optimize the system on
the lower-order subsystem level. This is important for. large-
scale interconnected systems because, if the system is .too
large, the one-shot optlmlzatlon of the system is either
uneconomical, requiring excessive computer time, or impossi-
ble, demanding excessive computer storage to complete the
optlmlzatlon

In this near-optimal scheme, we assumed a beneficial role
for the interconnections. This offers an advantage over Sil-
jak’s algorithm, in which the role of the global controls is to
reduce the effect of interconnections, without reference to
their possible beneficial effects.
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